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Topic	  of	  these	  Lectures

Models	  to	  explain	  Neutrino	  Masses	  and	  Mixing,	  considering	  different	  
classes	  of	  symmetries	  and	  contexts...

...with	  a	  phenomenological	  perspec;ve:	  no	  too	  many	  formal	  details...

...such	  that,	  at	  the	  end	  of	  the	  lectures,	  you	  will	  have	  good	  bases	  to	  
understand	  papers	  and	  talks	  on	  this	  subject...

...and	  to	  get	  the	  tools	  to	  work	  on	  this	  topic,	  I	  will	  provide	  a	  series	  of	  
exercises	  (write	  at	  	  	  luca.merlo@ph.tum.de	  	  	  to	  get	  the	  solu5ons)
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The	  Flavour	  Puzzle:	  quarks	  vs.	  leptons

The	  Flavour	  Symmetries:	  which	  and	  where?

Flavour	  Models	  at	  the	  GUT	  Scale

Con;nuous	  Symmetries:	  the	  FroggaL-‐Nielsen	  U(1)

Discrete	  Symmetries:	  the	  Altarelli-‐Feruglio	  A4

Minimal	  (Lepton)	  Flavour	  Viola;on	  

Flavour	  Models	  at	  the	  Electroweak	  Scale

Mul;-‐Higgs	  Models:	  The	  Ma-‐Rajasekaran	  A4

Outline
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The	  Flavour	  Puzzle:	  
quarks	  vs.	  leptons
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Nota=on
I	  will	  use	  Weil	  spinors	  instead	  of	  Dirac	  spinors:

where	  the	  two	  spinors	  can	  transform	  independently	  under	  the	  Lorentz	  and	  
SM	  gauge	  groups

	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  Weil	  spinors	  are	  fundamental	  objects

 =  L + R

The	  SM	  spectrum	  consists	  of	  three	  copies	  of	  the	  following	  fields:

` ec q uc dc H

SU(3)c 1 1 3 3 3 1

SU(2)L 2 1 2 1 1 2

U(1)Y �1/2 +1 +1/6 �2/3 +1/3 +1/2

GSM

8
>>><

>>>:

 L ⌘
✓

0
 

◆
 R ⌘

✓
i�2 c⇤

0

◆

 1 2 =  c
1 2 + ( 1 

c
2)

⇤mass	  term:(	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  )
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The	  SM	  Lagrangian

LSM = LK + LY + V

LY = (Ye)ij e
c
iH

†`j + (Yd)ij d
c
iH

†qj + (Yu)ij u
c
i
eH†qj + h.c.

eH ⌘ i�2H⇤

hHi ⌘
✓

0
v/

p
2

◆
V

The	  most	  general	  renormalisable	  Lagrangian	  invariant	  under	  Lorentz	  and	  	  	  	  	  	  	  	  	  	  	  :GSM

LK � i`†�µDµ`+ iec†�µDµe
c + iq†�µDµq + iuc†�µDµu

c + idc†�µDµd
c

Lcc = � gp
2
W�

µ

�
e†�µ⌫ + d†�µu

�

f = e, u, dMf = Yf
vp
2
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Quarks
Going	  to	  the	  mass	  basis:	  bi-‐unitary	  transforma;ons	  on	  the	  fields

Questions 

 why lepton mixing angles are so different from those of the quark sector? 
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+ corrections
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λ ≈ 0.22

how to extend the SM in order to accommodate neutrino masses? 

why neutrino masses are so small, compared with the charged fermion masses? 

V †
uc Mu Vu = diag(mu, mc, mt)

V †
dc Md Vd = diag(md, ms, mb)

(
u0 ⌘ V †

u u

uc0 ⌘ V †
uc uc

(
d0 ⌘ V †

d d

dc0 ⌘ V †
dc dc

LY � Mdi d
c0
i d0i +Mui u

c0
i u0

i + h.c.
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The	  CKM	  Matrix
These	  transforma;ons	  affect	  the	  CC-‐Lagrangian:

Removing	  all	  the	  non-‐physical	  degrees	  of	  freedom:

Cabibbo	  Kobayashi	  MaskawaV ⌘ V †
u Vd

V =

0

@
1 0 0
0 c23 s23
0 �s23 c23

1

A ·

0

@
c13 0 s13e�i�

0 1 0
�s13ei� 0 c13

1

A ·

0

@
c12 s12 0
�s12 c12 0
0 0 1

1

A

Wolfenstein
parametrisa;onV =

0

@
1� �2/2 � A�3(⇢� i⌘)

�� 1� �2/2 A�2

A�3(1� ⇢� i⌘) �A�2 1

1

A

� ⇡ 0.23 A ⇡ 0.81 ⇢

✓
1� �2

2

◆
⇡ 0.13 ⌘

✓
1� �2

2

◆
⇡ 0.35

Lcc � � gp
2
W�

µ d† �µ u = � gp
2
W�

µ d0† �µ V †
d Vu u

0
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Leptons
For	  the	  charged	  leptons,	  the	  procedure	  is	  similar:

But	  a	  mass	  term	  for	  neutrinos	  is	  forbidden	  in	  the	  SM:	  
	  	  	  	  	  How	  to	  extend	  the	  SM	  to	  accommodate	  neutrino	  masses?

There	  are	  two	  possibili;es	  (without	  giving	  up	  gauge	  invariance):
1. Modify	  the	  par;cle	  content
2. Abandon	  the	  renormalisability	  and	  adopt	  an	  effec;ve	  descrip;on

U†
ec Me Ue = diag(me, mµ, m⌧ )

(
e0 ⌘ U †

e e

ec0 ⌘ U†
ec e

c

LY � Mei e
c0
i e0i
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Questions 

 why lepton mixing angles are so different from those of the quark sector? 
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λ ≈ 0.22

how to extend the SM in order to accommodate neutrino masses? 

why neutrino masses are so small, compared with the charged fermion masses? 



1.	  	  Modify	  the	  SM	  spectrum

Asking	  for	  L	  conserva;on,	  the	  Yukawa	  Lagrangian	  gets	  a	  new	  piece:	  

Going	  to	  the	  mass	  basis:

Mirror	  the	  charged	  fermion	  sectors:	  introduce	  three	  copies	  of	  right-‐handed	  
neutrinos,	  that	  are	  singlets	  under	  	  	  	  	  	  	  	  	  	  	  	  GSM ⌫c ⇠ (1, 1, 0)

Lcc � � gp
2
W�

µ e†�µ⌫ = � gp
2
W�

µ e0†�µU †
eU⌫⌫

0

Pontecorvo	  Maki	  Nakagawa	  SakataU = U †
e U⌫

with	  3	  mixing	  angles	  and	  1	  phase,	  like	  the	  CKM	  matrix

M⌫ = Y⌫
vp
2

LY = (Ye)ij e
c
iH

†`j + (Yd)ij d
c
iH

†qj + (Yu)ij u
c
i
eH†qj + (Y⌫)ij ⌫

c
i
eH†`j + h.c.
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(
⌫0 ⌘ U†

⌫ ⌫

⌫c0 ⌘ U †
⌫c ⌫c

LY � M⌫i ⌫
c0
i ⌫0i

U†
⌫c M⌫ U⌫ = diag(m⌫1 , m⌫2 , m⌫3)



Questions 

 why lepton mixing angles are so different from those of the quark sector? 
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λ ≈ 0.22

how to extend the SM in order to accommodate neutrino masses? 

why neutrino masses are so small, compared with the charged fermion masses? 
If	  neutrinos	  are	  so	  similar	  to	  the	  other	  fermions,	  why	  are	  so	  light?

m⌫

mt
. 10�12
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2.	  	  Effec=ve	  Descrip=on
E

hHi

Exp

M⌫

SU(3)c ⇥ SU(2)L ⇥ U(1)Y

SU(3)c ⇥ U(1)em

8
>>><

>>>:
8
>>><

>>>:
+
effec;ve	  interac;ons

SU(3)c ⇥ SU(2)L ⇥ U(1)Y

SU(3)c ⇥ U(1)em

8
>>><

>>>:8
>>><

>>>:

8
>>><

>>>:
??

+
effec;ve	  interac;ons

E

hHi

Exp

M⌫

⇤
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The	   theory	   is	   valid	   at	   all	   the	  
energies.	  	  However,	  we	  expect	  a	  
cut-‐off	   at	   the	   Planck	   scale	   to	  
account	   for	   the	   gravita;onal	  
interac;ons.

Leff = LSM
d4 +

L5

⇤
+

L6

⇤2
+ . . .



When	   	   	   	   	   	   	   	   the	   effects	   of	   the	   d>4	   Lagrangian	   are	   ;ny:	   indeed,	   the	   non-‐
renormalisable	  effects	  are	  of	  the	  order	  

E ⌧ ⇤

E ⇡ 102 GeV

⇤ ⇡ 1015 GeV

E

⇤
⇡ 10�13

8
>>><

>>>:

-‐ The	  theory	  is	  not	  valid	  at	  all	  the	  energies,	  but	  has	  a	  cut-‐off

-‐ New	  heavy	  physics	  could	  explain	  the	  lightness	  of	  neutrinos

There	  is	  only	  one	  d=5	  operator	  invariant	  under	  	  	  	  	  	  	  	  	  	  	  :	  Weinberg	  Op.GSM

L5

⇤
= (Y⌫)ij

⇣
H̃†`i

⌘⇣
H̃†`j

⌘

⇤
! v

2

v

⇤
(Y⌫)ij⌫i⌫j

This	  operator	  violates	  L	  of	  two	  units! 13

The	  new	  operators	  in	  the	  d>4	  Lagrangian	  contribute	  to	  amplitudes	  for	  physical	  
processes	  with	  terms	  of	  the	  type

L5

⇤
! E

⇤
L6

⇤
! E2

⇤2



L5

⇤
= (Y⌫)ij

⇣
H̃†`i

⌘⇣
H̃†`j

⌘

⇤
! v

2

v

⇤
(Y⌫)ij⌫i⌫j

It	  can	  arise	  from	  several	  extensions	  of	  the	  SM	  	  (see	  lecture	  by	  S.Petcov)

Type	  I	  See-‐Saw

Type	  II	  See-‐Saw

Type	  III	  See-‐Saw
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Type	  I	  See-‐Saw

⌫c

LY � 1

2
(M⌫c)ij ⌫

c
i ⌫

c
j + (Y⌫)ij ⌫

c
i
eH†`j + h.c.

M(⌫,⌫c) =

✓
0 Y T

⌫ v/
p
2

Y⌫v/
p
2 M⌫c

◆

Assuming	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  and	  integra;ng	  out	  the	  fields	  	  	  	  	  	  :M⌫c � v ⌫c

LY � �1

2

�
Y T
⌫ M�1

⌫c Y⌫

�
ij

⇣
H̃† `i

⌘⇣
H̃† `j

⌘
+ h.c. + . . .

This	  reproduces	  	  	  	  	  	  	  	  	  with	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  and	  the	  light	  neutrino	  mass	  matrix	  is:	  L5 ⇤ $ M⌫c

15
M⌫ = �Y T

⌫ M�1
⌫c Y⌫

v2

2



It	  provides	  an	  explana;on	  for	  the	  smallness	  of	  the	  neutrino	  masses,	  once	  the	  
new	  physics	  enters	  at ⇤ ⇡ 1015 GeV

L5

⇤
= (Y⌫)ij

⇣
H̃†`i

⌘⇣
H̃†`j

⌘

⇤
! v

2

v

⇤
(Y⌫)ij⌫i⌫j

Going	  to	  the	  mass	  basis:

Lcc � � gp
2
W�

µ e†�µ⌫ = � gp
2
W�

µ e0†�µU †
eU⌫⌫

0

Pontecorvo	  Maki	  Nakagawa	  SakataU = U †
e U⌫

with	  3	  mixing	  angles	  and	  3	  phases,	  differently	  with	  respect	  to	  the	  CKM	  matrix:	  
indeed	  the	  neutrino	  Majorana	  mass	  term	  prevents	  to	  absorb	  2	  phases

M⌫ = Y⌫
v

⇤
v
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⌫0 ⌘ U †
⌫ ⌫

LY � 1

2
M⌫i ⌫

0
i ⌫

0
i

UT
⌫ M⌫ U⌫ = diag(m⌫1 , m⌫2 , m⌫3)



	  The	  PMNS	  Matrix
U = U †

e U⌫

U =

0

@
1 0 0
0 c23 s23
0 �s23 c23

1

A ·

0

@
c13 0 s13e�i�

0 1 0
�s13ei� 0 c13

1

A ·

0

@
c12 s12 0
�s12 c12 0
0 0 1

1

A · P

where	  the	  matrix	  	  	  	  	  	  contains	  the	  physical	  Majorana	  phases:	  P

0  ✓12, ✓23, ✓13  ⇡

2
0  � < 2⇡

0  ↵,�  ⇡

17

P =

0

@
1

ei↵

ei�

1

A



What	  we	  know	  about	  Oscilla=ons

solar

atmospheric

reactor

Normal Inverse

�m2

sol

�m2
atm

8
>>><

>>>:
8
>>><

>>>:

�m2

sol

�m2
atm

8
>>><

>>>:

8
>>><

>>>:

Fogli	  et	  al.	  1205.5254	  
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�m2

sol

⌘ m2

⌫2
�m2

⌫1
= (7.54+0.26

�0.22)⇥ 10�5 eV2

�m2

atm

⌘
��m2

⌫3
�m2

⌫1

�� = (2.43+0.06
�0.10)[2.42

+0.07
�0.11]⇥ 10�3 eV2

sin2 ✓
12

= 0.307+0.018
�0.016

sin2 ✓
23

= 0.386+0.024
�0.021[0.392

+0.039
�0.020]

sin2 ✓
13

= 0.0241± 0.0025[0.0244+0.0023
�0.0025]

� = ⇡(1.08+0.28
�0.31)[1.09

+0.38
�0.26]

http://arxiv.org/abs/1205.5254
http://arxiv.org/abs/1205.5254


Trimaximal Bimaximal

	  First	  Approxima=on	  Pa`erns

V =

0

@
1� �2/2 � A�3(⇢� i⌘)

�� 1� �2/2 A�2

A�3(1� ⇢� i⌘) �A�2 1

1

A V ⇡

0

@
1 � �3÷4

� 1 �2

�3÷4 �2 1

1

A

|U | ⇡

0

@
0.82 0.55 0.16
0.36 0.70 0.61
0.44 0.45 0.77

1

A ??

Tri-‐Bimaximal	  (TB)	  PaLern

UTB =

0

@

p
2/3 1/

p
3 0

�1/
p
6 1/

p
3 �1/

p
2

�1/
p
6 1/

p
3 +1/

p
2

1

A
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[Kajiyama,	  Raidal	  &	  Strumia	  2007]GOLDEN	  RATIO	  (GR)

TRI-‐BIMAXIMAL	  (TB)[Harrison,	  Perkins	  &	  ScoI	  2002;	  Xing	  2002]

[Vissani	  1997;	  Barger	  et	  al.	  1998]BIMAXIMAL	  (BM)

Maybe	  related	  to	  the	  
Quark-‐Lepton	  Complementarity:
[Smirnov;	  Raidal;	  Minakata	  &	  Smirnov	  2004]

1

2

BM

2

5 +
p
5

1

3
sin2 ✓120

TBGR

1�3� 3�

sin2 ✓23 =
1

2
sin2 ✓13 = 0 sin2 ✓12 =

1

3 ✓12 = 35.26�

sin2 ✓23 =
1

2
sin2 ✓13 = 0 tan ✓12 =

1

�

� ⌘ 1 +
p
5

2

✓12 = 31.72�

sin2 ✓23 =
1

2
sin2 ✓13 = 0 sin2 ✓12 =

1

2
✓12 = 45�

⇡/4 ⇡ ✓12 + �

[Altarelli	  et	  al.	  2009,
	  Adelhart	  et	  al.	  2010,
	  Meloni	  2011]✓Exp

12 ⇡ ✓BM

12 � � 20



Symmetries	  of	  the	  TB	  Pa`ern

UTB =

0

@

p
2/3 1/

p
3 0

�1/
p
6 1/

p
3 �1/

p
2

�1/
p
6 1/

p
3 +1/

p
2

1

A

The	  most	  general	  neutrino	  mass	  matrix	  that	  corresponds	  to	  the	  TB	  paLern	  is:

This	  mass	  matrix	  has	  two	  symmetries:

S =
1

3

0

@
�1 2 2
2 �1 2
2 2 �1

1

A

ST MTB
⌫ S = MTB

⌫

magic	  symmetry

(MTB
⌫ )23 = (MTB

⌫ )11 + (MTB
⌫ )12 � (MTB

⌫ )22

AT
23 M

TB
⌫ A23 = MTB

⌫

mu-‐tau	  symmetry

(MTB
⌫ )12 = (MTB

⌫ )13
(MTB

⌫ )22 = (MTB
⌫ )33

A23 =

0

@
1 0 0
0 0 1
0 1 0

1

A

21

M

TB
⌫ = UTB diag(m⌫1 , m⌫2 , m⌫3)U

T
TB =

0

@
x y y

y z x+ y � z

y x+ y � z z

1

A



Exercises	  	  1	  &	  2

Construct	   the	   most	   general	   mass	   matrices	   corresponding	   to	   the	   GR	  
and	  BM	  paLerns.

Iden;fy	  the	  unitary	  matrices	  that	  leave	  such	  mass	  matrices	  invariant.	  Is	  	  
there	  any	  common	  symmetry	  among	  the	  TB,	  GR	  and	  BM	  paLerns?
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The	  Flavour	  Symmetries:	  
which	  and	  where?
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Strategy
Charged	  Fermions

large	  hierarchies
rela;vely	  large	  masses
small	  angles

Neutrinos
undetermined	  spectrum
rela;vely	  small	  masses
(two)	  large	  angles

-‐ Specific	  flavour	  structures	  (i.e.	  TB	  paLer)	  are	  the	  result	  of	  the	  invariance	  
under	  flavour	  symmetries.	  The	  strategy	  is	  to	  promote	  these	  symmetries	  
of	  the	  mass	  matrices	  in	  symmetries	  of	  all	  the	  Lagrangian

-‐ Flavour	   symmetries	   cannot	   be	   exact:	   the	   Yukawas	   do	   not	   show	   any	  
symmetry	  at	  low-‐energy

-‐ Star;ng	  from	  a	  Yukawa	  Lagrangian	  invariant	  under	  a	  Flavour	  Symmetry,	  
masses	  and	  mixings	  arise	  only	  through	  a	  Symmetry	  Breaking	  Mechanism

-‐ New	  Beyond	  SM	  physics	  that	  originates	  such	  mechanism	  is	  necessary
-‐ One	  further	  degree	  of	  freedom:	  

type	  of	  flavour	  symmetry
24



Type	  of	  Flavour	  Symmetries

Local

m
Global

Abelian

m
non-Abelian

Continuous

m
Discrete

There	  are	  advantages	  and	  disadvantages	  for	  any	  possible	  choice!

In	   the	   following	   I	   will	   concentrate	   only	   on	   global	   flavour	  
symmetries:	   on	   U(1)	   and	   SU(3)	   for	   the	   class	   of	   con;nuous	  
symmetries	   and	   on	   A4	   for	   the	   class	   of	   discrete	   symmetries.	  
These	   are	   the	   most	   common	   combina;ons	   studied	   in	   the	  
literature.
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Basics	  of	  Group	  Theory

Defini=on	  of	  a	  group	  G:
G	  is	  a	  set	  of	  elements	  with	  a	  mul;plica;on	  rule

1. Closure:

2. Associa=vity:

3. Unit	  element:

	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  ,	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  such	  that

4. Inverse	  element:

	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  ,	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  such	  that

(g1 g2) g3 = g1 (g2 g3)

g1 2 G, g2 2 G ) g1 g2 2 G

8g 2 G g�1g = I

9 I 2 G I g = g8g 2 G

9 g�1 2 G

27



U(1)	  
U(1)	  is	  the	  group	  of	  the	  1x1	  unitary	  matrices.	  Only	  1-‐dim	  irrep.
Geometrically	  it	   is	   the	  group	  of	   the	  rota;ons	   in	  the	  complex	  plane	  about	  
the	  origin:	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  .✓ ! ei ✓

Given	  two	  fields,	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  and	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  ,	  the	  product	  of	  the	  fields	  transforms	  
as	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  :	  

and	  invariant	  under	  U(1)	  is	  such	  that	  it	  transforms	  as	  0

g1 ⇠ ✓1 g2 ⇠ ✓2
✓1 + ✓2

g1 g2 · · · gn ✓1 + ✓2 + · · ·+ ✓n = 0

28



SU(3)	  is	  the	  special	  unitary	  group	  of	  degree	  3	  and	  is	  the	  group	  of	  3x3	  unitary	  
matrices	  with	  determinant	  1.

Its	  generators	  are	  represented	  as	  traceless	  hermi;an	  matrices:

SU(3)

tr(�a) = 0 �a = �†
a

�1 =

0

@
0 1 0
1 0 0
0 0 0

1

A �2 =

0

@
0 �i 0
i 0 0
0 0 0

1

A �3 =

0

@
1 0 0
0 �1 0
0 0 0

1

A

�4 =

0

@
0 0 1
0 0 0
1 0 0

1

A �5 =

0

@
0 0 �i
0 0 0
i 0 0

1

A �6 =

0

@
0 0 0
0 0 1
0 1 0

1

A

�7 =

0

@
0 0 0
0 0 �i
0 i 0

1

A �8 =
1p
3

0

@
1 0 0
0 1 0
0 0 �2

1

A

29

ḡ1, ḡ2 ⇠ 3̄g1, g2 ⇠ 3

3⇥ 3 = 3̄ + 6

3⇥ 3̄ = 1 + 8

6⇥ 6̄ = 1 + 8 + . . .

8⇥ 8 = 1 + 8 + . . .

If	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  then	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  and



A4
A4	  is	  the	  group	  of	  even	  permuta;ons	  of	  4	  objects	  isomorphic	  to	  
the	  group	  of	  the	  rota;ons	  which	  leave	  a	  regular	  tetrahedron	  
invariant	  (Subgroup	  of	  SO(3)).
It	  has	  12	  elements	  and	  4	  representa;ons:	  3,	  1,	  1’,	  1’’
It	  has	  two	  generators,	  S	  and	  T,	  that	  sa;sfy	  the	  rela;ons:

S2 = T 3 = (ST )3 = 1

1 = a1b1 + a2b2 + a3b3

10 = a1b1 + !2a2b2 + ! a3b3

100 = a1b1 + ! a2b2 + !2a3b3

3 ⇠ (a2b3, a3b1, a1b2)

3 ⇠ (a3b2, a1b3, a2b1)

10 ⇥ 10 = 100

10 ⇥ 100 = 1

100 ⇥ 100 = 10

3⇥ 3 = 1 + 10 + 100 + 3 + 3

8
>>><

>>>:

T =

0

@
0 0 1
1 0 0
0 1 0

1

A S =

0

@
1 0 0
0 �1 0
0 0 �1

1

A
3d	  rep:

! ⌘ e

2⇡ i

3 30

A4 = {1, S, T, ST, TS, T 2, ST 2, STS, TST, T 2S, TST 2, T 2ST}



Physics	  is	  independent	  on	  the	  chosen	  basis	  for	  the	  generators!

S2 = T 3 = (ST )3 = 1

8
>>><

>>>:

3d	  rep:

S =
1

3

0

@
�1 2 2
2 �1 2
2 2 �1

1

AT =

0

@
1 0 0
0 !2 0
0 0 !

1

A

10 ⇥ 10 = 100

10 ⇥ 100 = 1

100 ⇥ 100 = 10

3⇥ 3 = 1 + 10 + 100 + 3S + 3A

1 = a1b1 + a2b3 + a3b2

10 = a3b3 + a1b2 + a2b1

100 = a2b2 + a1b3 + a3b1

3S =
1

3

0

@
2a1b1 � a2b3 � a3b2
2a3b3 � a1b2 � a2b1
2a2b2 � a1b3 � a3b1

1

A

3A =
1

2

0

@
a2b3 � a3b2
a1b2 � a2b1
a3b1 � a1b3

1

A
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Flavour	  Models	  at	  the	  
GUT	  Scale:

The	  U(1)	  Flavour	  Symmetry

Mainly	  based	  on	  
FroggaL	  &	  Nielsen	  1979
Altarelli,	  Feruglio	  &	  Masina	  2002

33

Recent	  reviews:
Altarelli	  et	  al.	  2012
Buchmuller	  et	  al.	  2011



The	  FroggaL-‐Nielsen	  U(1)	  model	  is	  a	  milestone	  in	  this	  context:

-‐ formulated	  only	  in	  the	  quark	  sector	  (1979!!)

-‐ the	  Flavour	  Symmetry	  is	  a	  global	  U(1)FN

-‐ new	  scalar	  field	  	  	  	  ,	  called	  flavon,	  which	  develops	  a	  VEV

-‐ the	  SM	  quarks	  are	  charged	  under	  U(1)FN	  as	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  ,	  

while	  the	  flavon	  as	  a	  nega;ve	  charge

-‐ the	  corresponding	  non-‐renormalisable	  Lagrangian	  reads:

The	  Frogga`-‐Nielsen	  U(1)

FN(✓) = �1

✓

h✓i/⇤ ⇡ ✏ ⌧ 1

LY =

✓
✓

⇤

◆ndci
✓
✓

⇤

◆nqj

(Yd)ij d
c
iH

†qj+

+

✓
✓

⇤

◆nuc
i
✓
✓

⇤

◆nqj

(Yu)ij u
c
i
eH†qj + h.c.

FN(f) = nf � 0

Yu,d ⇡ O(1)where	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  are	  free	  parameters 34



LY =

✓
✓

⇤

◆ndci
✓
✓

⇤

◆nqj

(Yd)ij d
c
iH

†qj+

+

✓
✓

⇤

◆nuc
i
✓
✓

⇤

◆nqj

(Yu)ij u
c
i
eH†qj + h.c.

when	  the	  symmetry	  is	  spontaneously	  broken	  by	  the	  VEV	  of	  	  	  ,	  fermions	  
receive	  different	  contribu;ons	  in	  terms	  of	  	  	  	  .	  The	  Yukawa	  matrices	  are	  
then	  given	  by:

✓
✏

yu = FucYuFq yd = FdcYdFq

Ff =

0

@
✏nf1 0 0
0 ✏nf2 0
0 0 ✏nf3

1

A
(f = q, uc, dc)

independently	  of	  
the	  par;cular	  
charge	  choice

(Vu,d)ij ⇡
nqi

nqj

< 1 (i < j)(Vu,d)ii ⇡ 1

Vud ⇡ Vcs ⇡ Vtb ⇡ O(1)

Vub ⇡ Vtd ⇡ Vus ⇥ Vcb 8
>>>
<

>>>
:

nf1 > nf2 > nf3 � 0Assuming	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  ,	  we	  move	  to	  the	  physical	  basis:
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correct	  CKM	  with:	  

correct	  quark	  masses	  with:	  

nq = (3, 2, 0)

✏ ⇡ 0.2
V =

0

@
1 ✏ ✏3

✏ 1 ✏2

✏3 ✏2 1

1

A
8
>>>
<

>>>
:

8
>>>
<

>>>
:

Mexp

d

=

0

@
✏4 0 0
0 ✏2 0
0 0 1

1

AMexp

u

=

0

@
✏7 0 0
0 ✏3 0
0 0 1

1

A ]]

nuc = (4, 1, 0)

ndc = (1, 0, 0)

Mu =

0

@
✏7 0 0
0 ✏3 0
0 0 1

1

A Md =

0

@
✏4 0 0
0 ✏2 0
0 0 1

1

A
(neglecUng	  the	  
mass	  and	  the	  O(1)	  
parameters)
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(neglecUng	  O(1)	  
parameters)

]]V ⇡

0

@
1 � �3÷4

� 1 �2

�3÷4 �2 1

1

A



With	  a	  similar	  choice	  for	  the	  charged	  leptons,	  it	  is	  possible	  to	  explain	  the	  
mass	  hierarchy:

correct	  CKM	  with:	   nq = (3, 2, 0)

Lepton	  Sector

n` = (2, 0, 0)

nec = (3, 2, 0)
Me =

0

@
✏5 ✏3 ✏3

✏4 ✏2 ✏2

✏2 1 1

1

A

LY =

✓
✓

⇤

◆neci
✓
✓

⇤

◆n`j

(Ye)ij d
c
iH

†qj+

+

✓
✓

⇤

◆n`i
✓
✓

⇤

◆n`j

(Y⌫)ij

⇣
eH†`i

⌘⇣
eH†`j

⌘

⇤L
+ h.c.

Ue =

0

@
1 ✏2 ✏2

✏2 1 1
✏2 1 1

1

A

8
>>>
<

>>>
:

and	  in	  the	  physical	  basis:

Me =

0

@
✏5 0 0
0 ✏2 0
0 0 1

1

A Mexp

e

=

0

@
✏5 0 0
0 ✏2 0
0 0 1

1

A] ]

correct	  quark	  masses	  with:	   nuc = (4, 1, 0) ndc = (1, 0, 0)
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Need	  to	  change	  the	  value	  of	  	  	  	  	  and/or	  the	  charges✏

✓23 ⇠ 45�

✓12 ⇠ ✓13 ⇠ 2�

m1 ⇠ ✏4

m2 ⇡ m3 ⇠ 1

r ⌘ �m2
sol

�m2
atm

⇡ 1

This	  does	  not	  fit	  with	  neutrinos	  and	  the	  lepton	  mixings:

M⌫ =

0

@
✏4 ✏2 ✏2

✏2 1 1
✏2 1 1

1

A U⌫ =

0

@
1 ✏2 ✏2

✏2 1 1
✏2 1 1

1

A

U = U†
e U⌫ =

0

@
1 ✏2 ✏2

✏2 1 1
✏2 1 1

1

A

✓exp23 ⇠ (38.0± 1.5)�

✓exp12 ⇠ (34.0± 1.0)�

✓exp13 ⇠ (9.0± 0.5)�
] ]

rexp ⇡ 0.03± 0.003] ]
38
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and	  in	  the	  physical	  basis:

m1 ⇠ ✏4 , m2 ⇠ ✏2 , m3 ⇠ 1

r ⌘ �m2
sol

�m2
atm

⇡ ✏4 ⇠ 0.026 rexp ⇡ 0.03± 0.003] ]

] ]Mexp

e

=

0

@
✏9 0 0
0 ✏3 0
0 0 1

1

A

n` = (2, 1, 0) ✏ ⇡ 0.4nec = (7, 2, 0)

Me =

0

@
✏9 0 0
0 ✏3 0
0 0 1

1

A

M⌫ =

0

@
✏4 ✏3 ✏2

✏3 ✏2 ✏
✏2 ✏ 1

1

AMe =

0

@
✏9 ✏8 ✏7

✏4 ✏3 ✏2

✏2 ✏ 1

1

A

U =

0

@
1 ✏ ✏2

✏ 1 ✏
✏2 ✏ 1

1

AUe ⇠ U⌫ =

0

@
1 ✏ ✏2

✏ 1 ✏
✏2 ✏ 1

1

A

✓exp23 ⇠ (38.0± 1.5)�

✓exp12 ⇠ (34.0± 1.0)�

✓exp13 ⇠ (9.0± 0.5)�
] ]✓23 ⇠ ✓12 ⇠ 22�

✓13 ⇠ 9�

39



Summary
The	  use	  of	  the	  U(1)	  symmetry	  has	  several	  advantages:

-‐ it	  is	  minimal:	  only	  1	  symmetry	  factor	  	  and	  only	  1	  new	  scalar	  field
-‐ the	  U(1)	  is	  already	  present	  in	  the	  SM	  (hypercharge)
-‐ the	   U(1)	   can	   be	   gauged	   to	   avoid	   the	   presence	   of	   the	   Goldstone	  

boson	   due	   to	   the	   spontaneously	   symmetry	   breaking:	   in	   this	   case	  
there	   will	   be	   the	   appearance	   of	   a	   new	   gauge	   boson,	   the	   Z’,	   well	  
studied	  in	  phenomenology

-‐ the	   gauge	   U(1)	   is	   usually	   present	   in	   the	   low-‐energy	   theories	   that	  
originate	  from	  GUT	  or	  Strings	  (constraints	  on	  the	  choice	  of	  charges)

-‐ realis;c	   models	   can	   be	   constructed	   respec;ng	   the	   symmetric	  
principle	   and	   all	   the	   fermion	  mass	   hierarchies	   and	  mixings	   can	  be	  
explained

On	   the	   other	   hand,	   the	   predic;ons	   are	   affected	   by	   O(1)	   coefficients	   and	  
therefore	  the	  predic;ve	  power	  is	  rather	  weak.

40



Exercises	  	  	  3	  &	  4

Construct	  the	  mass	  matrices	  in	  the	  case	  of	  type	  I	  See-‐Saw	  if	  the	  charges	  
of	  the	  fields	  are	  the	  following:

a.	  
b.	  
c.	  

and	  discuss	  the	  values	  of	  the	  charged	  lepton	  mass	  hierarchy,	  of	  the	  
mixing	  angles	  and	  of	  r.	  No;ce	  that	  this	  charges	  are	  compa;ble	  with	  
SU(5)	  GUT	  unifica;on.

Iden;fy	  the	  charges	  that	  give	  rise	  to	  the	  quark	  mass	  hierarchies	  and	  the	  
CKM	  matrix	  taking	  as	  expanding	  parameter	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  .	  

n` = (2, 1, 0) nec = (5, 3, 0) n⌫c = (2, 1, 0)
nec = (3, 2, 0) n⌫c = (2, 1, 0)

nec = (5, 3, 0)n` = (2, 0, 0) n⌫c = (1,�1, 0)

✏ = 0.1

n` = (1, 0, 0)

✏ ⇡ 0.4

✏ ⇡ 0.4
✏ ⇡ 0.2
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Flavour	  Models	  at	  the	  
GUT	  Scale:

The	  A4	  Flavour	  Symmetry
Mainly	  based	  on	  
Altarelli	  &	  Feruglio	  2005

42

Recent	  Reviews:
Altarelli	  et	  al.	  2004
Mohapatra	  et	  al.	  2006
Altarelli	  2010
Altarelli	  et	  al.	  2012



General	  Strategy

Consider	  the	  flavour	  symmetry	  	  	  	  	  	  	  ,	  broken	  into	  two	  different	  subgroups:
-‐ 	  	  	  	  	  	  in	  the	  charged	  lepton	  sector	  and	  	  	  	  	  	  	  	  	  	  in	  the	  neutrino	  sector
-‐ 	  	  	  	  	  	  	  and	  	  	  	  	  	  	  	  	  	  	  are	  determined	  by	  	  	  	  	  	  	  	  	  and	  	  	  	  	  	  	  	  ,	  respec;vely

Gf

Ge G⌫

Me M⌫ Ge G⌫

Gf

Ge

Me M⌫

G⌫

G⌫Imposing	  that	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  is	  invariant	  under	  	  	  	  	  	  	  	  	  and	  	  	  	  	  	  	  	  	  	  under	  	  	  	  	  	  	  	  ,	  then	  
	  	  	  	  	  	  and	  	  	  	  	  	  	  ,	  and	  therefore	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  ,	  are	  fully	  determined	  by	  	  	  	  	  	  	  	  and	  	  	  	  	  	  	  .

�
M†

e Me

�
Ge M⌫

Ge G⌫Ue U⌫ U ⌘ U †
e U⌫

Wrt	   U(1),	   discrete	   symmetries	   have	   a	   more	   complicate	   structure:	   usually,	  
non-‐trivial	  subgroups	  can	  be	  iden;fied.	  It	   is	  possible	  to	  use	  this	  property	  to	  
improve	  the	  predic;ve	  power	  and	  describe	  specific	  paLerns	  (such	  as	  the	  TB).
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e

�
M†

e Me

�
Ue =

�
M†

e Me

�diag



It	  is	  useful	  to	  work	  in	  the	  basis	  in	  which	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  is	  diagonal.	  As	  a	  result,	  the	  
PMNS	  matrix	  comes	  only	  from	  the	  neutrino	  sector:

�
M†

e Me

�
TB	  from	  Symmetry	  Breaking

Gf

Ge G⌫

�
M†

e Me

�
diagonal MTB

⌫

A	  symmetry	  that	  forces	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  to	  be	  diagonal	  can	  be	  (many	  possibili;es):
�
M†

e Me

�

Ge = {1, T, T 2} T =

0

@
1 0 0
0 !2 0
0 0 !

1

A
! ⌘ e

2⇡ i

3
that	  is	  called	  the	  Ciclic	  group	  Z3,	  under	  which

T † �M†
e Me

�
T =

�
M†

e Me

�
= diag(m2

e, m
2
µ, m

2
⌧ )

U ⌘ U†
e U⌫ = UTB

T(A	  boLom-‐up	  approach	  also	  works:	  given	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  diagonal,	  which	  is	  a	  	  	  	  	  	  
that	  leaves	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  invariant?)

�
M†

e Me

�
�
M†

e Me

�
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UTB =

0

@

p
2/3 1/

p
3 0

�1/
p
6 1/

p
3 �1/

p
2

�1/
p
6 1/

p
3 +1/

p
2

1

A

arises	  from	  the	  following	  most	  general	  neutrino	  mass	  matrix:

M

TB
⌫ =

0

@
x y y

y z x+ y � z

y x+ y � z z

1

A

that	  is	  invariant	  under	  transforma;ons	  of	  the	  magic	  and	  mu-‐tau	  symmetries:

S =
1

3

0

@
�1 2 2
2 �1 2
2 2 �1

1

A

ST MTB
⌫ S = MTB

⌫

magic	  symmetry

For	  the	  neutrinos,	  we	  have	  already	  seen	  that	  the	  TB	  paLern

AT
23 M

TB
⌫ A23 = MTB

⌫

mu-‐tau	  symmetry

A23 =

0

@
1 0 0
0 0 1
0 1 0

1

A

No;ce	  that	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  and	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  .	  This	  means	  that	  	  both	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  and	  
	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  are	  parity	  groups	  Z2.

S2 = 1 A2
23 = 1 GS = {1, S}

GA23 = {1, A23}
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Gf

�
M†

e Me

�
diagonal MTB

⌫

Ge ⌘ Z3 G⌫ ⌘ Z2 ⇥ Z2

and	  the	  generators	  of	  the	  groups	  are	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  .	  T, S, A23

The	  minimal	  choice	  for	  	   	  	  	  	   	  	  such	  that	  the	  charged	  leptons	  are	  diagonal	  and	  
the	  neutrinos	  are	  diagonalized	  by	  the	  TB	  paLern	   is	  A4	  as	  done	  by	  Altarelli	  
and	  Feruglio	  (2005).	  A4	  has	  only	  two	  generators	  and	  12	  elements:

Gf

S2 = T 3 = (ST )3 = 1

S =
1

3

0

@
�1 2 2
2 �1 2
2 2 �1

1

AT =

0

@
1 0 0
0 !2 0
0 0 !

1

A

and	  4	  irreducible	  representa;ons:	  (2nd	  basis)
1 S = 1 T = 1

10 S = 1 T = !2

100 S = 1 T = !
3

the	  same	  	  	  	  	  	  and	  	  	  	  	  that	  generate	  	  	  	  	  	  	  	  andGe GST S
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The	  Model
MaLer	  fields Higgs Flavons

Change	   of	  
notaUon	   for	  
the	  Higgs!

Non-‐renormalisable	  Lagrangian	  invariant	  under	  SM	  and	  Flavour	  symmetries:

L⌫ = xa
⇠

⇤
hu hu

(` `)

⇤L
+ xb hu hu

✓
'S

⇤

``

⇤L

◆
Le = ye

✓2

⇤2
ec

⇣'T

⇤
`
⌘
hd + yµ

✓

⇤
µc

⇣'T

⇤
`
⌘0

hd + y⌧ ⌧
c
⇣'T

⇤
`
⌘00

hd

✓n

⇤n FN	  mechanism

⇤ Flavour	  cut-‐off
LN	  cut-‐off⇤L
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10 ⇥ 10 = 100

10 ⇥ 100 = 1

100 ⇥ 100 = 10

3⇥ 3 = 1 + 10 + 100 + 3 + 3



L⌫ = xa
⇠

⇤
hu hu

(` `)

⇤L
+ xb hu hu

✓
'S

⇤

``

⇤L

◆
Le = ye

✓2

⇤2
ec

⇣'T

⇤
`
⌘
hd + yµ

✓

⇤
µc

⇣'T

⇤
`
⌘0

hd + y⌧ ⌧
c
⇣'T

⇤
`
⌘00

hd

Under	  appropriate	  condi;ons	  (SUSY,	  Extra-‐D...)	  a	  natural	  minimum	  of	  the	  
scalar	  poten;al	  is	  

breaks	  A4	  down	  to Ge ⌘ Z3

breaks	  A4	  down	  to GS ⌘ Z2

h'T i
⇤

= (u, 0, 0)

h'Si
⇤

= cb(u, u, u)

h⇠i
⇤

= cau

h✓i
⇤

= ✏

We	  need	  to	  prevent	  that	  	  	  	  	  	  	  (	  	  	  	  	  	  )	  couples	  to	  the	  changed	  lepton	  (neutrino)	  
sector:	  the	  addi;onal	  Z3	  avoids	  the	  appearance	  of	  such	  terms.

'S 'T
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Le Me =

0

@
ye✏2 0 0
0 yµ✏ 0
0 0 y⌧

1

Au vd

Aper	  the	  EW	  and	  Flavour	  symmetry	  breakings:

M⌫ =

0

BBBBB@

a+
2

3
b � b

3
� b

3

� b

3

2

3
b a� b

3

� b

3
a� b

3

2

3
b

1

CCCCCA

v2u
⇤L

L⌫

explains	  
the	  mass	  
hierarchy

a ⌘ 2xa ca u

b ⌘ 2xb cb u8
>>>
<

>>>
: 2	  complex	  parameters	  

in	  the	  neutrino	  sector

No;ce	  that	  	  	  	  	  	  	  is	  also	  invariant	  under	  	  	  	  	  	  	  	  	  	  :	  it	  does	  not	  come	  from	  the	  flavour	  
symmetry,	  but	  it	  is	  an	  accidental	  symmetry!

M⌫ GA23

✏ ⇡ 0.5
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TB
⌫ =

0

@
x y y

y z x+ y � z

y x+ y � z z

1
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The	  mixing	  is	  the	  TB	  paLern:

Only	  normal	  hierarchical	  spectrum

Lower	  bounds	  on	  the	  lightest	  neutrino	  mass,	  sum	  of	  neutrino	  masses	  

Predic;on	  for	  the	  0ν2β-‐decay	  effec;ve	  mass:

r ⌘ �m2
sol

�m2
atm

⇡ 1

35

UT
TB M⌫ UTB = diag(a+ b, a, �a+ b)

v2u
⇤L

m1 � 0.014 eV
X

mi � 0.09 eV

Normal

|m
ee

|2 =

����a+
2

3
b

����
2

=
1

9

�
9m2

1 + 5�m2
sol

��m2
sol

�
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Sub-‐Leading	  Correc=ons
Sub-‐leading	  correc;ons	  arise	  from	  higher-‐dimensional	  operators,	  suppressed	  
by	  addi;onal	  powers	  of	  the	  cut-‐off:	  they	  affect

Me M⌫ VEV	  alignment 8>>><>>>:
due	  to	  the	  complete	  breaking	  of	  A4:
	  	  	  	  	   	  	  (	  	  	   	  	  	  )	  couples	  to	  the	  charged	  lepton	  
(neutrino)	   sector	   and	   no	   surviving	  
subgroup	  is	  present	  at	  the	  NLO

'S 'T

51

The	  mixing	  is	  perturbed:

The	  predic;ons	  for	  	  	  	  	  	  	  	  ,	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  and	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  modified	  by	  	  	  	  	  	  	  	  	  	  	  	  	  	  terms	  

	  	  	  	  must	  be	  of	  the	  order	  of	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  to	  accommodate	  the	  value	  of	  
the	  reactor	  angle

sin2 ✓12 ' 1

3
+O(u) sin2 ✓23 ' 1

2
+O(u) sin ✓13 ' O(u)

m1

X
mi |mee| O(u)

u u ⇠ 0.08



Summary
The	  use	  of	  the	  A4	  symmetry	  has	  several	  advantages:

-‐ the	  predic;ve	  power	  is	  strong:	  all	  the	  three	  mixing	  angles	  
-‐ with	  an	  addi;onal	  U(1),	   it	   is	  possible	  to	  explain	  the	  charged	  lepton	  

mass	  hierarchy	  (the	  U(1)	  can	  be	  subs;tute	  by	  other	  discrete	  syms)
-‐ the	  spontaneous	  breaking	  of	  a	  discrete	  symmetry	  does	  not	   lead	  to	  

the	  appearance	  of	  massless	  Goldstone	  bosons
-‐ the	  discrete	  symmetries	  could	  be	  a	  lepover	  of	  Poincare	  symmetry	  in	  

D>4	  dimensions	  or	  could	  arise	  from	  string	  theories
-‐ realis;c	   models	   can	   be	   constructed	   respec;ng	   the	   symmetric	  

principle
-‐ extensions	  to	  quark	  exist	  and	  are	  working

On	  the	  other	  hand:
-‐ the	  spectrum	  is	  enriched	  of	  several	  scalar	  fields	  
-‐ the	  cut-‐off	  is	  generically	  at	  the	  GUT	  scale:	  no	  directly	  testable
-‐ misalignment	  problem:	  two	  triplets	  with	  two	  different	  VEVs.	  This	  is	  

solved	  only	  in	  SUSY	  or	  Extra-‐D	  models
52
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Exercises	  	  5	  &	  6

Write	   explicitly	   the	   NLO	   operators	   for	   the	   Altarelli-‐Feruglio	   model.	  
Iden;fy	  the	  corresponding	   correc;ons	  to	  the	  mass	  matrices	  and	  to	  the	  
mixings	  (2nd	  basis	  with	  generator	  T	  diagonal).

Construct	  the	  Altarelli-‐Feruglio	  model	  in	  the	  type	  I	  See-‐Saw	  context:	  wrt	  
to	  the	  charges	  presented	  before,	  

Compute	  the	  full	  Lagrangian,	  the	  lepton	  masses	  and	  the	  mixings.	  

46 Chapter 3. Flavour Models with the Tribimaximal Mixing

which shrinks when tan� is increased from 2 to 15.

The NLO terms a↵ect also the previous results for the neutrino phases. All the

new parameters which perturb the leading order results are complex and therefore they

introduce corrections to the phases of the PMNS matrix. Due to the large amount of such

a parameters, we expect non-negligible deviations from the leading order values.

3.1.3 Type I See-Saw Realisation

It is possible to easily modify the previous model to accommodate the (type I) See-

Saw mechanism. In this part we do such an extension and analyse the di↵erences with

the e↵ective model. Notice that this part is written considering an underlying Standard

Model context, but the extension to the supersymmetric one is trivial, following the same

strategy as in the e↵ective model.

We introduce conjugate right-handed neutrino fields ⌫c transforming as a triplet of A
4

and we modify the transformation properties of some other fields according to table 3.2.

⌫c 'S ⇠ ⇠̃

A
4

3 3 1 1

Z
3

!2 !2 !2 !2

U(1)FN 0 0 0 0

Table 3.2: The transformation properties of ⌫c, 'S, ⇠ and ⇠̃ under A
4

⇥ Z
3

⇥ U(1)FN .

The rest of the fields still transform as in table 3.1. Notice that ⇠̃ is present only in the

supersymmetric context.

The Lagrangian changes only in the neutrino sector and it is given by

L⌫ = y(⌫c
eH†`) + xa⇠(⌫

c⌫c) + xb('S⌫
c⌫c) + h.c.+ . . . , (3.35)

where dots stand for higher-order contributions.

The vacuum alignment of the flavons is exactly the one described in eqs. (3.9, 3.29).

When the flavons develop VEVs in agreement with eq. (3.9) and after the electroweak

symmetry breaking, the Dirac and the Majorana mass matrices, at the leading order, are

given by

mD =
y vp
2

0

@

1 0 0

0 0 1

0 1 0

1

A , MR =

0

@

a+ 2b/3 �b/3 �b/3

�b/3 2b/3 a� b/3

�b/3 a� b/3 2b/3

1

A , (3.36)

where a ⌘ 2xacau and b ⌘ 2xbcbu. The complex symmetric matrix MR is diagonalised by

the transformation

M̂R = UT
RMRUR , (3.37)
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Minimal	  (Lepton)	  
Flavour	  Viola=on:

a	  bo`om-‐up	  approach

Mainly	  based	  on	  
D’Ambrosio	  et	  al.	  2002
Cirigliano	  et	  al.	  2005
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The	  Flavour	  Problem

The	  Flavour	  Puzzle:	  
can	   be	   solved	   with	  
flavour	  symmetries.

FCNC:
automa;cally	  suppressed	  in	  the	  
SM.	  But	  what	  with	  new	  physics?

�

�

�

�

dm�
K	

K	

sm� & dm�

SLubV

� �ubV

�sin 2

(excl. at CL > 0.95)
 < 0�sol. w/ cos 2

excluded at CL > 0.95

�

��

�
-1.0 -0.5 0.0 0.5 1.0 1.5 2.0

�

-1.5

-1.0

-0.5

0.0

0.5

1.0

1.5
excluded area has CL > 0.95

ICHEP 10

CKM
f i t t e r
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New	  Physics

Le↵ = LSM +
X c

(6)
i

⇤2
NP

O
(6)
i

Operator Bounds on Λ in TeV (cij = 1) Bounds on cij (Λ = 1 TeV) Observables

Re Im Re Im

(s̄LγµdL)2 9.8× 102 1.6× 104 9.0× 10−7 3.4× 10−9 ∆mK ; εK

(s̄R dL)(s̄LdR) 1.8× 104 3.2× 105 6.9× 10−9 2.6× 10−11 ∆mK ; εK

(c̄LγµuL)2 1.2× 103 2.9× 103 5.6× 10−7 1.0× 10−7 ∆mD; |q/p|,φD

(c̄R uL)(c̄LuR) 6.2× 103 1.5× 104 5.7× 10−8 1.1× 10−8 ∆mD; |q/p|,φD

(b̄LγµdL)2 5.1× 102 9.3× 102 3.3× 10−6 1.0× 10−6 ∆mBd
; SψKS

(b̄R dL)(b̄LdR) 1.9× 103 3.6× 103 5.6× 10−7 1.7× 10−7 ∆mBd
; SψKS

(b̄LγµsL)2 1.1× 102 7.6× 10−5 ∆mBs

(b̄R sL)(b̄LsR) 3.7× 102 1.3× 10−5 ∆mBs

TABLE I: Bounds on representative dimension-six ∆F = 2 operators. Bounds on Λ are quoted assuming an

effective coupling 1/Λ2, or, alternatively, the bounds on the respective cij ’s assuming Λ = 1 TeV. Observables

related to CPV are separated from the CP conserving ones with semicolons. In the Bs system we only quote

a bound on the modulo of the NP amplitude derived from ∆mBs
(see text). For the definition of the CPV

observables in the D system see Ref. [15].

central value for the CP-violating phase, contrary to the SM expectation. The errors are, however,

still large and the disagreement with the SM is at about the 2σ level. If the disagreement persists,

becoming statistically significant, this would not only signal the presence of physics beyond the

SM, but would also rule out a whole subclass of MFV models (see Sect. IV).

(iv) In D − D̄ mixing we cannot estimate the SM contribution from first principles; however,

to a good accuracy this is CP conserving. As a result, strong bounds on possible non-standard

CP-violating contributions can still be set. The resulting constraints are only second to those from

εK , and unlike in the case of εK are controlled by experimental statistics and could possibly be

significantly improved in the near future.

A more detailed list of the bounds derived from ∆F = 2 observables is shown in Table I,

where we quote the bounds for two representative sets of dimension-six operators: the left-left

operators (present also in the SM) and operators with a different chirality, which arise in specific

SM extensions. The bounds on the latter are stronger, especially in the kaon case, because of the

larger hadronic matrix elements. The constraints related to CPV correspond to maximal phases,

and are subject to the requirement that the NP contributions are smaller than 30% (60%) of the

total contributions [9] in the Bd (K) system. Since the experimental status of CP violation in the

Bs system is not yet settled we simply require that the new physics contributions are smaller than

9

Generic	  Flavour	  Viola;on	  sources	  
at	  the	  TeV	  scale	  are	  excluded

[Isidori,	  Nir	  &	  Perez	  2010]
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Minimal	  Flavour	  Viola=on
The	  SM	  flavour	  symmetry	  of	  the	  gauge	  interac;ons	  is

Gf = U(3)q ⇥ U(3)uc ⇥ U(3)dc ⇥ U(3)` ⇥ U(3)ec

This	  flavour	  symmetry	  is	  not	  respected	  by	  the	  Yukawa	  interac;ons:

The	  formal	  invariance	  is	  recovered	  if	  the	  Yukawa	  matrices	  are	  promoted	  to	  
auxiliary	  fields,	  called	  spurions,	  which	  transform	  as:	  

` ! U` `{ ` ⇠ (3, 1)

ec ⇠ (1, 3̄)ec ! ec U †
ec

q ! Uq q{
dc ⇠ (1, 1, 3̄)

uc ⇠ (1, 3̄, 1)

q ⇠ (3, 1, 1)

uc ! uc U†
uc

dc ! dc U †
dc

LY = ecYeH
†`+ dcYdH

†q + ucYu
eH†q + h.c.

! ecU †
ecYeU`H

†`+ dcU †
dcYdUqH

†q + ucU†
ucYuUq

eH†q + h.c.

Yu ⇠ (3̄, 3, 1)

Yd ⇠ (3̄, 1, 3)

Yu ! Uuc Yu U
†
q

Yd ! Udc Yd U
†
q

{ Ye ⇠ (3̄, 3)Ye ! Uec Ye U
†
`{
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Fermion	  masses	  and	  the	  CKM	  matrix	  are	  described	  by:

Yd =

p
2

v

0

@
md 0 0
0 ms 0
0 0 mb

1

A

Yu =

p
2

v

0

@
mu 0 0
0 mc 0
0 0 mt

1

A V

Ye =

p
2

v

0

@
me 0 0
0 mµ 0
0 0 m⌧

1

A

where	  V	  stands	  for	  the	  CKM	  matrix.

Assuming	   that	   all	   the	  dim-‐6	   operators	   are	   constructed	  
by	  SM	  fermions	  and	  the	  spurions,	  any	  FCNC	  process	   is	  
kept	  under	  control,	  with	  a	  NP	  at	  a	  scale	  of	  few	  TeV.

The	  fermions	  masses	  and	  the	  CKM	  are	  ONLY	  DESCRIBED	  
and	  NOT	  EXPLAINED,	  because	  the	  background	  values	  of	  
the	  spurions	  are	  simply	  ASSUMED.	  It	  needs	  an	  higher	  
energy	  theory	  to	  explain	  it.
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Neutrinos
Assuming	  that	  neutrino	  masses	  arise	  from	  the	  Weinberg	  Operator:

-‐ the	  flavour	  symmetry	  is	  again	  	  	  	  	  	  	  	  	  (no	  new	  fields)

-‐ 	  	  	  	  	  	  	  is	  not	  respected	  by	  the	  Weinberg	  Operator

-‐ 	  	  	  	  	  	  	  is	  formally	  restored	  if	  

-‐ neutrino	  masses	  and	  the	  PMNS	  arise	  if

where	  U	  is	  the	  PMNS	  matrix

Gf

Gf

L5

⇤L
=

1

⇤L

⇣
H̃†`

⌘T
Y⌫

⇣
H̃†`

⌘
! 1

⇤L

⇣
H̃†`

⌘T
UT
` Y⌫U`

⇣
H̃†`

⌘

Gf

Y⌫ ⇠ (8, 1) Y⌫ ! U⇤
` Y⌫ U

†
`

Y⌫ =
⇤L

v2
U⇤

0

@
m1 0 0
0 m2 0
0 0 m3

1

A U†

Again,	  the	  neutrino	  masses	  and	  the	  PMNS	  are	  
ONLY	  DESCRIBED	  but	  NOT	  EXPLAINED. 59



Exercise	  	  7

Introducing	  3	  RH	  neutrinos	  the	  flavour	  symmetry	  is	  enlarged:
-‐ determine	  the	  new	  	  	  	  	  	  	  	  	  	  arising	  from	  the	  kine;c	  terms

-‐ determine	  the	  quan;;es	  that	  do	  not	  preserve	  the	  symmetry
-‐ iden;fy	  which	  quan;;es	  must	  be	  promoted	  to	  spurions	  to	  formally	  

restore	  	  	  	  	  	  	  	  and	  determine	  their	  transforma;on	  proper;es
-‐ is	   there	   a	   unique	   possibility	   to	   describe	   the	   neutrino	  masses	   and	  

the	  PMNS	  matrix?

Gf

Gf
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Flavour	  Models	  at	  the	  
Electroweak	  Scale

Mainly	  based	  on	  
Ma	  &	  Rajasekaran	  2001
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Scale	  of	  Symmetry	  Breaking
EW	  Scale	  Symmetry	  Breaking

-‐	   	  The	   gauge	   and	   the	  flavour	   syms	  
are	   broken	   together	   and	   by	   the	  
same	  objects:	  Mul;-‐Higgs	  scenario

H1, H2, H3, . . .

8>>><>>>:
doublets	  of	  SU(2)L	  
non-‐trivial	  rep.	  of	  the	  FS

-‐	   	   The	   Lagrangian	   of	   the	   model	   is	  
usually	   renormalisable	   for	   the	  
charged	   fermions	   and	  up	   to	  dim=5	  
for	  the	  neutrinos	  (Weinberg	  Op.)

Large	  Scale	  Symmetry	  Breaking

-‐	   	   The	  FS	   is	   broken	  at	   a	   very	   large	  
scale	  	  	   	   	   	   	   	   	   	   	   	   	   	   	  by	  scalar	  fields	  that	  
are	   singlets	   under	   the	   SM	   gauge	  
group	   but	   transform	   non	   trivially	  
under	  the	  FS:

E � v

-‐	   	   The	   Lagrangian	   of	   the	   model	   is	  
usually	   non-‐renormalisable:	   the	   LO	  
terms	   describe	   the	   most	   relevant	  
contribu;ons	   to	   masses	   and	  
mixings,	  while	   the	  NLO	  account	  for	  
correc;ons

' ⇠ 3, � ⇠ 2, ⇠ ⇠ 1

8>>><>>>:
flavons
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The	  model
The	  full	  symmetry	  of	  the	  model	  is	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  :	  A4 ⇥ L

H ⇠ (3, 0)

Scalars:
doublets	  under

SU(2)L
⌘ ⇠ (1, 1)

Lagrangian:

10 ⇥ 10 = 100

10 ⇥ 100 = 1

100 ⇥ 100 = 10

3⇥ 3 = 1 + 10 + 100 + 3 + 3

L �1

2
M ⌫cT ⌫c + y⌫ ⌫

cT
�
⌘̃† `

�
3
+

+ ye e
c
�
H†`

�
+ yµ µ

c
�
H†`

�0
+ y⌧ ⌧

c
�
H†`

�00
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` ⇠ (3, 1)

⌫c ⇠ (3, 0)

Fermions: ec ⇠ (1,�1)

µc ⇠ (100,�1)

⌧ c ⇠ (10,�1)



Once	  the	  neutral	  components	  of	  the	  scalar	  fields	  get	  vevs:

Me =

0

@
ye ye ye
yµ yµ ! yµ !2

y⌧ y⌧ !2 y⌧ !

1

A vp
2

that	  is	  diagonalized	  by	  a	  LH	  transforma;on:

Charged	  Leptons:	  (1nd	  basis	  with	  generator	  S	  diagonal)

hH0i = (v, v, v)/
p
2 h⌘0i = u/

p
2

Ue =
1

3

0

@
1 1 1
1 !2 !
1 ! !2

1

A

Charged	  lepton	  mass	  hierarchy	  is	  NOT	  explained!

Me Ue = Mdiag
e =

0

@
ye 0 0
0 yµ 0
0 0 y⌧

1

A vp
2
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�
3
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+ ye e
c
�
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�
+ yµ µ

c
�
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c
�
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Neutrinos:

Once	  the	  neutral	  components	  of	  the	  scalar	  fields	  get	  vevs:

M(⌫,⌫c) =

✓
0 Y T

⌫ u/
p
2

Y⌫u/
p
2 M⌫c

◆

hH0i = (v, v, v)/
p
2 h⌘0i = u/

p
2

M⌫c =

0

@
M 0 0
0 M 0
0 0 M

1

A Y⌫ =

0

@
y⌫ 0 0
0 y⌫ 0
0 0 y⌫

1

A

M⌫ =
y2⌫ u

2

2M

0

@
1 0 0
0 1 0
0 0 1

1

A completely	  degenerate	  
neutrino	  masses

L �1

2
M ⌫cT ⌫c + y⌫ ⌫

cT
�
⌘̃† `

�
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+ ye e
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�
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�
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c
�
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UPMNS:

Ue =
1

3

0

@
1 1 1
1 !2 !
1 ! !2

1

A

Since	  all	  the	  neutrino	  masses	  are	  degenerate,	  then	  the	  neutrino	  
mixings	  are	  unspecified!

Proposed	  Solu;on:	  add	  arbitrary	  sop	  terms	  (symmetry	  breaking	  terms)	  
that	  break	  the	  degeneracy	  and	  fix	  the	  mixings.	  These	  terms	  are	  of	  the	  
type:	   ⇣

Msoft

⌫

c

⌘

ij

⌫c
i

⌫c
j

It	  does	  NOT	  follow	  the	  symmetry	  principle!	  

In	  this	  way	  it	  is	  possible	  fit	  the	  data.

Where	  do	  these	  terms	  come	  from?
Why	  exactly	  these	  terms	  and	  not	  others?
... 66
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The	  Scalar	  Poten=al

hH0i = (v, v, v)/
p
2 h⌘0i = u/

p
2

The	  key	  ingredient	  of	  the	  model	  is	  the	  vacuum	  alignment:

Focussing	  on	  H:

V [�a] =µ2(�†
1�1 + �†

2�2 + �†
3�3) + �1(�

†
1�1 + �†

2�2 + �†
3�3)

2+

+ �3(�
†
1�1�

†
2�2 + �†

1�1�
†
3�3 + �†

2�2�
†
3�3)+

+ �4(�
†
1�2�

†
2�1 + �†

1�3�
†
3�1 + �†

2�3�
†
3�2)+

+
�5

2


ei✏

h
(�†

1�2)
2 + (�†

2�3)
2 + (�†

3�1)
2
i
+ h.c.

�

different	  
contrac;ons	  
of	  4	  tripletsµ2 < 0 �i 2 Real

�1 > 0 �1 + �3 + �4 + �5 cos ✏ > 0

Condi;on	  for	  a	  stable	  minimum	  away	  from	  the	  origin:	  

Condi;on	  for	  a	  poten;al	  bounded	  from	  below:	  
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Condi;on	  for	  a	  sta;onary	  point	  (minimum	  or	  maximum):	  

@V [�]

@�i
= 0

Condi;on	  for	  a	  physical	  minimum	  (all	  the	  physical	  masses	  are	  non-‐nega;ve):	  

Eigenvalues

⇢
@2V [�]

@�i@�j

�
� 0

one	  of	  the	  solu;ons	  is	  indeed:

hH0i = (v, v, v)/
p
2 v ⌘ vEW /

p
3

A	  true	  physical	  minimum	  must	  pass	  also	  the	  following	  requirements:
-‐ Perturba;ve	   Unitarity:	   addi;onal	   scalars	   contribute	   to	   the	   gauge	  

boson	  scaLering	  (that	  is	  unitarised	  by	  the	  Higgs	  par;cle	  in	  the	  SM)
-‐ Z	  and	  W±	  	  decays	  into	  scalar	  fields:	  these	  decays	  are	  well	  measured
-‐ Consistency	  with	  the	  electroweak	  precision	  tests:	  TSU	  parameters
-‐ Study	  the	  presence	  of	  tree-‐level	  flavour	  changing	  neutral	  currents

Strong	  constraints	  on	  the	  parameter	  space!
68



Summary
The	   model	   is	   the	   simplest	   of	   this	   kind	   in	   terms	   of	   fields	   content	   and	   of	  
symmetries,	  but...

-‐ no	  explana;on	  of	  charged	  lepton	  mass	  hierarchies
-‐ no	  symmetric	  explana;on	  of	  neutrino	  masses	  and	  mixing

On	   the	   other	   hand	   the	   scalar	   content	   is	  well	   defined:	   the	   VEV	   is	   indeed	   a	  
physical	   minimum	   of	   the	   scalar	   poten;al	   and	   all	   the	   phenomenological	  
bound	  are	  respected

(Similar	  results	  in	  the	  quark	  sector)

The	  possibility	  of	  explaining	  masses	  and	  mixing	  using	  
a	   mul;-‐Higgs	   approach	   is	   s;ll	   viable	   but	   new	  
strategies	  should	  be	  followed.
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Exercises	  	  8	  &	  9
Determine	  all	  the	  possible	  minima	  of	  the	  scalar	  poten;al:

dis;nguishing	  among	  real	  and	  complex	  VEVs.

Modified	  the	  previous	  scalar	  poten;al	  involving	  also	  the	  field	  
	  	  	  	  	  	  	  	  	  and	  determine	  the	  condi;ons	  for	  it	  to	  get	  a	  VEV.
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Conclusions
There	  is	  no	  THEORY	  of	  NEUTRINO	  MASSES	  and	  MIXINGS,	  only	  ideas!

The	  FroggaL-‐Nielsen	  U(1)	  provides	  a	  valid	  strategy,	  but	  the	  predic;ve	  
power	  is	  rather	  weak.

Discrete	  Flavour	  Models	  at	  the	  GUT	  scale	  (i.e.	  AF	  model)	  have	  a	  strong	  
predic;ve	  power	  and	  are	  able	  to	  describe	  lepton	  mass	  hierarchies	  and	  
mixings.	  However,	   they	  require	  a	  much	  richer	  heavy	  spectrum	  and	  a	  
more	  complicated	  symmetry	  content	  (auxiliary	  symmetries	  as	  Zn).

Minimal	   (Lepton)	   Flavour	   Viola;on	   is	   only	  a	  working	   context,	   where	  
FCNCs	  are	  under	  control,	  but	  it	  is	  not	  a	  model	  of	  flavour:	  it	  needs	  an	  
higher	  energy	  theory	  to	  explain	  it.

Discrete	  Flavour	  Models	  at	  the	  Electroweak	  scale	  (i.e.	  MR	  model)	  have	  
rather	   simple	   spectrum	   and	   symmetry	   content,	   but	   give	   up	   in	  
describing	   charged	   lepton	   masses,	   need	   ad	   hoc	   terms	   for	   the	  
neutrinos	  and	  are	  strongly	  constrained	  due	  to	  too	  large	  FCNCs. 71



Thank	  you
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AF:	  Vacuum	  Alignment	  -‐	  Extra	  D
h'T i
⇤

= (u, 0, 0)
h'Si
⇤

= cb(u, u, u)
h⇠i
⇤

= cau

L0 y

ec, µc, ⌧ c `, hu,d

h'T i = (vT , 0, 0)

local	  minimum	  of	  V0

h'Si = (vS , vS , vS)

h⇠i = v⇠

local	  minimum	  of	  VL

is	  NOT	  a	  minimum	  of	  the	  most	  general	  renormalisable	  scalar	  poten;al:	  
mainly	  due	  to	  the	  mixed	  quar;c	  term	  among	  	  	  	  	  	  	  	  	  and	  	  'T 'S

The	  extra-‐D	  keeps	  separated	  	  	  	  	  	  	  	  	  and	  	  	  	  	  	  	  ,	  solving	  the	  problem	  of	  the	  mixed	  
quar;c	  terms

'T 'S

huhu

✓
'S

⇤

``

⇤L

◆
	  	  	  	  masses	  arise	  from	  local	  operators	  at	  y=L:⌫ huhu

⇠

⇤

(``)

⇤L

charged	  lepton	  masses	  arise	  from	  non-‐local	  operators:
(f c'TF ) �(y)p

⇤
�MF cF (F c`)hd �(y � L)p

⇤

integra;ng	  out	  the	  balk	  fermions	   F (f c'T `)hd

⇤
e�ML
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AF:	  Vacuum	  Alignment	  -‐	  SUSY

The	  complete	  superpoten;al	  is:	  

The	  minimum	  of	  the	  scalar	  poten;al	  is	  at:

The	  proposed	  vacuum	  alignment	  is	  a	  natural	  minimum	  of	  the	  scalar	  poten;al	  
in	  the	  SUSY	  context:

w = w` + w⌫ + wd

wd =M('T
0 'T ) + g('T

0 'T'T ) + g1('
S
0'S'S) + g2⇠('

S
0'S)+

+ g3⇠0('S'S) + g4⇠0⇠
2 + g5⇠0⇠⇠̃ + g6⇠0⇠̃

2
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= (u, 0, 0)
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= cb(u, u, u)
h⇠i
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= cau
h⇠̃i
⇤

= 0

u = �3

2

M

g
c2b = � g4

3g3
c2a undeterminedca

Le,⌫ we,⌫
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Consider	  a	  simple	  U(1)	  as	  flavour	  symmetry,	  in	  a	  SU(5)	  inspired	  context:
 10 = (5, 3, 0)  5 = (2, 1, 0)

U(1)[Altarelli,	  Feruglio,	  Masina	  &	  LM	  2012]
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Anarchy	  vs.	  Hierarchy?
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[Altarelli,	  Feruglio,	  Masina	  &	  LM	  2012]


